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Field Axioms of real number:

A1. a+ b 2 R if a, b 2 R;
A2. a+ b = b+ a if a, b 2 R;
A3. a+ (b+ c) = (a+ b) + c 2 R if a, b, c 2 R;
A4. There exists 0 2 R such that a+ 0 = a for all a 2 R;
A5. For any a 2 R, there is b 2 R such that a+ b = 0;

M1. a · b 2 R if a, b 2 R;
M2. a · b = b · a if a, b 2 R;
M3. a · (b · c) = (a · b) · c 2 R if a, b, c 2 R;
M4. There exists 1 2 R \ {0} such that a · 1 = a for all a 2 R;
M5. For any a 2 R \ {0}, there is b 2 R such that a · b = 1;

D. a · (b+ c) = a · b+ a · c if a, b, c 2 R.

1. (a) State the completeness of R;
(b) Using the axioms (and point out which axiom is used at each step), show that

(ab)�1 = a�1 · b�1 for a, b 2 R \ {0}.

Announcement: HW2 posted onwebsite ,
due 8/10 2359

Pf: 1) a) Sps SER is a nonempty subset that is boundedabove
, then capSexists in R.

b) Uniqueness of multiplicative inverse : sps acR1503 andbeeR it ab = 1
, a . c= 1.

b = b . 1 (M4)
= b . (a . c) (assumption)
= (b . a). c (M3)
2 (a.b) . 2 (M2)
= 1 - 2 lassumption)
= e : / (M2)
= C . (M4)



By uniqueness ,
it makes sense to talk about the multiplicative niverse

o GERIE , which we will devote by at
Then

, replacing a with ub in M5 above
,
and by uniqueness, we

know that lab) " isthe multiplicate inverse fab .

So we how

(ab) " = (ab)+ ) (M4) = a -b) (M2)
= (ab)

-

(aa-] (M3) = a b" (M4) ·
= (ab)" (aa-) · / (M4)
= (ab) (aar) · (bb") (M5)
= (ab) (aa-b) . b + (M3)
= (ab)
- (ab - a

-) -b (M2)

= 1.a ! b - (M5)

-
= (ab) · at 6" Mrs)
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2. (a) Let S be a non-empty subset of R bounded from above, show that sup(aS) =
a · supS if a > 0, and where aS = {a · s : s 2 S}.

(b) Find supS if S = {n�1 �m�1 : m,n 2 N}. Justify your answer.

PF : a) Sconeupty ,

bonded abone
, to by completeness arxism,

sups exists . (likewise need t cheekthat us is

monempty and bonded above t show
sup(as) exists).

not u= supS . UTS an = sup(as).
Since u=supS, UseS

,
sin

↓ as8

as an
,
so allison ubof
aS

.

Spsvisem ub of as . So aser forallses.

Naso
s forallseS .

so t is an ub . of S . and we here

us auev
, as required ./aso

b) Well show supS1 : / is an w.b . of S : Sure neN,
On- I and likewise M" > 0

.
So we obtain,

-m" < n"-m-plum t <.
New sps

v is on u.
b . of Smith VC1 . Then 1-v> 0

By A .
P

. can fine meN sat . Fur
which gives -in > V ,

a contradition
. Hence 1= supS%um

ESr
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3. We want to define xr for x > 1 and r 2 Q following the below procedure.

(a) For any w > 0, show that for any m 2 N, there exists an unique z 2 R such
that z > 0 and zm = w. You might use the fact that

(x+ y)n =
nX

k=0

Cn
k x

n�kyk, 8x, y 2 R.

(b) Suppose r = m/n = p/q 2 Q for some m,n, p, q 2 N. Show that

(xm)1/n = (xp)1/q

where the quotient power is defined using (a). Thus, it makes sense to define
xr := (xm)1/n where m/n is one of the representative of r.

(c) Show that xr1+r2 = xr1 · xr2 for r1, r2 2 Q and x > 1;

(d) (Bonus) Show that xr = supAr where Ar = {xp : p  r, p 2 Q}. (Thus, we
might define xy for y 2 R, by supAy)

PF : a) let uso , meN be given .
Set S=EseRst . gicw].

it : wis sups exists : Clearly OM = 0 ES
.

So Snacupty,
banded above : If wil , then I bonded aloe by 1

WI
,
then I landed alone bya

So by completeness, z := supS exits in R.
2nd :
z30 : Since 20

,
E , wel (Mum

so ZES
,
hun z> 0.

3rd zm=w :

1st suppose
ziW . Then want to fined weN st.

ZthES ,
which is a cottradiction bla . Zti z and

contradicts the fact that zis an hb. off

(2+mem (n) , soit
& zM+H CMzT



Smice w-zM > 0
,z => zm-k >0 ,

-MCMzm-kO
,

so we he

m 20 und by Apr , can fil neN set

↓m
+monzmh) =w-

So zteS



Spszm>W : nT fiel new st . z-his on ub ofS
which contradicts the fact that zas du .

b.

U TBD

(z-)" = zm+Me
=zm _ M2 cmzl=

k=2- 1

zm_M zm-

So similarly, by A .

P . can full new sot
zm-W

<zm and substituti bach in yilo
n=2l- 1

the desired contradiction.



So zm =W .

Uniqueness : Sps yeR si, y30 , you zw . The

0 = w -w = zm -

ym
= (z -g) (zm

-
+ zm-

y
+ zm

-

3yz + - -+ zzym
-]

~yea
= z=

y -

/



b) r= E =g .

WTS (xM)
+

= (xP)

by part (a) - (XM) is the unique positive number z, 0 -

t.

zu = ym.

Sintaly, (xPI is the unique positive umber z2 sit.

z = XP
.

* = g) mg = up.
So we

here z4g = xMg = XMP = z2g.

Soby uniquene of part (a) , we there that E=72./



-) WTS xti = X . XE for , BeQ

let i= r=· for M.
n
, p, g + N . The mg , peN

al

(xi+ rz)ng = (x +)8 = xmg+ pn = xmgyp = (xi)48. (1248
I = (xY - y rz)ug

By pent a) 7 ! 2 ,>

Xm So again by ungivers from part cal,St ·
z

,
ng = Xmatp xitre =x . xrz

%



↓ veR . A = Exp : per , per?
Bt show XV is U .

b · of A . Let r= , p
= 5

,
wheremin,abeN

Some there ru=m , plea and also per given-
=> an mb .

(xobn = yna = xmb = (n)nb
.

We can also show if zm >,ym , then zzy for
E

, y30 :

8 zm- ym

zyn



This gives us XPEX

lub: Since XV . Sps for the sale of contradiction
that we have an ub ,

veR sit. VeXY .
But this

contradicts the fact that visu. u.b . of A,
since

are A.
Hence xV =

sup
A
-1.


