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Field Axioms of real number:

Al. a+beRifa,beR,

A2. a+b=0b+aifa,beR;

A3. a4+ (b+c¢)=(a+b)+ceRifa,bceR;

A4. There exists 0 € R such that a + 0 = a for all @ € R;
A5. For any a € R, there is b € R such that a + b = 0;
Ml. a-beRifa,beR;

M2. a-b=b-aif a,beR;
M3.a-(b-c)=(a-b)-ceRifa,bceR;

M4. There exists 1 € R\ {0} such that a-1=a for all a € R;
M5. For any a € R\ {0}, there is b € R such that a - b = 1;
D.a-(b+c)=a-b+a-cifa,bceR.

1. (a) State the completeness of R;

(b) Using the axioms (and point out which axiom is used at each step), show that
(ab)™' =at- b7t for a,b € R\ {0}.
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2. (a) Let S be a non-empty subset of R bounded from above, show that sup(aS) =
a-sup S if a >0, and where aS ={a-s:s e S}.
(b) Find sup S if S = {n~' —m™' : m,n € N}. Justify your answer.
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3. We want to define 2" for x > 1 and r € QQ following the below procedure.

(a) For any w > 0, show that for any m € N, there exists an unique z € R such
that z > 0 and 2™ = w. You might use the fact that

(x+y)" Z Cra" k% v,y eR.

(b) Suppose r =m/n = p/q € Q for some m,n,p,q € N. Show that
(@) = (o)

where the quotient power is defined using (a). Thus, it makes sense to define
2" := (2™)Y" where m/n is one of the representative of r.

(¢) Show that ™2 = g™ . 2”2 for 11,75 € Q and x > 1;

(d) (Bonus) Show that 2" = sup.A, where A, = {2 : p < r,p € Q}. (Thus, we
might define z¥ for y € R, by sup A,)

B o) Lt wso, mel) be pion: S S=fseRr £k
<t . X . —
£ WS quSQXA&&&»M 0eN R
bowmdlecl gloome - I‘lwgl)msbom&aﬂwwﬁ
W21 Haom R londod W\maw

&S%W &ff&aﬁgw@

M 220! Su,-eg \A-/')D ‘\>“ \ W
O zM(\/u
S°IES/‘&ML 2'7/%>0u

3‘\&22\&/‘»
[“&W&Q%W\Q\u-mwwdﬁbww%k T
2¢L ¢ © ) Woeh ™o eoodidren ble. 2t 7>2 ok
m&c&swwngw hbo. oS
i) = Zc““ we (el itew)

Y\L

az2M_ | Mk
) |+Wk§(c“‘z



m
> S eMham
w-2" =
g(ly?_?‘"“ >0 ok b{l AP o el wel s
- ‘ W‘ZW\
— C
WM -l
o
N/




SPS 2N > Wi w M y\e:uw s 2’% IS em My\oxf&ig

Wit Conbzocdecks e \CNZE M 2wen JLow.b
n TRD "




o 2" =uun
Wﬂﬁv«w“ §f3 ‘QGR NCS 6>o) j‘/"\tuw Thor
0= w-w = Z" M

= (z«tp (2™ 4 22 y f‘”“'?qjl +~.t %zdwﬂ
_\%\S\/«) +Uw-&>
250, o Tt =0
=) 22&'/
I



D =g WIS (M = o
b&f"i @) @(Wﬁk s the erm Pomﬂm&m 2 it
2=
Suckel (FJF 15 e umﬁw i, Wackel 2, 1&
‘“’\'“S%S e p 2
%’% =) W\%ﬂ\ﬁ
So we bere B o ML anpe

g\(A& w.«.ig)«w.w ’5' ML"A; mwwazzz/



g W xR o e L e B

(Cﬁf\:%> %_ai. @-r W\)A)P)%%N\MW\%,fﬂew
e

C(mr,)“% - 6(”% +%>Mﬂ' N AL Sl v\g’(,v@‘%ﬁ?

R pu&®3'2>0 ! *QQ \(‘\2>%
l 4PN
CRT S siple by b fonprtel
ZV\% KW\F%M 0\% XV~ e,

-



&\reQZ\ /%cgk(’:wsp P€@§

Y shew X7 15w %4 [f = /)a‘—g wWhoze m s bel),
So we bree Az, P‘o>& Y79 &,ng pgpwgsm\
S fng mb.
(Kpb’\ = % ¢ Kfv\\a= (K'\) nb

We e oo (e i 2™ sd"« HMZ?{{ fo- &, 4> 0

Qs -y
6@@ (2~ J‘EWL\A{ NPT ﬂwx)
\_/’W
) 2- - >9-
= j>(0 >) 23&\.



Meaw w & s xb

Luwb - Sme x“‘e/?é\ S{)s ‘F"" the Sodue ﬁwfnad;dm&
ek we e o uls, veR st vex® Rt g
Uvitnealhets M\?&& Hest Uy e \\ogg ’() Pu-es

YANE ,45

Henes x‘\:mf%év/



